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Abstract
On the basis of exact solutions to the Einstein|Abelian gauge|dilaton equa-
tions in D-dimensional gravity, the properties of static axially symmetric congu-
rations are discussed. Solutions free of curvature singularities are selected; they
can be attributed to traversible wormholes with cosmic string-like singularities at
their necks. In the presence of an electromagnetic eld some of these wormholes
are globally regular, the string-like singularity being replaced by a set of twofold
branching points. Consequences of wormhole regularity and symmetry conditions
are discussed. In particular, it is shown that (i) regular, symmetric wormholes have
necessarily positive masses as viewed from both asymptotics and (ii) their char-









Wormholes as regular 3-geometries with a neck connecting two at asymptotics have
apparently rst attracted the researchers' attention as particular spatial sections of the
extended Schwarzschild (Kruskal) space-time. The possible existence of such geometries
invoked such attractive ideas as \charge without charge" or \mass without mass" [1].
However, the Schwarzschild and Reissner-Nordstrom wormholes are not traversible for a
non-tachyonic particle due to the dynamic nature of the relevant space-time. Later on ap-
peared static, spherically symmetric wormhole metrics decscribing traversible wormholes
[2, 3], but at the expense of introducing unusual types of matter (scalar) elds, since in a
certain domain near a wormhole neck one must have "+p
r
< 0 where " and p
r
are the en-
ergy density and pressure in the radial direction, respectively. Other spherically symmetric
wormholes were found in Refs. [4] (in particular, a model with electric eld and a domain
of neutral dust with negative density), [5] (as particle-like solutions of a class of models
of nonlinear electrodynamics), [6] (in higher-dimensional models with sigma-model-type
behavior of eective scalar elds in a 4-dimensional reformulation of the theory), [7] (in
multidimensional dilaton gravity) and some others. Clement [6] also obtained an axially
symmetric generalization of his solutions, describing a chain of wormholes situated along
a symmetry axis.
In the recent years wormholes have been discussed as possible time machines ([8]
et al.); the discussion concerned the consequences of wormhole existence rather than
models where they can appear. This interesting set of problems is beyond the scope of
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this paper. We also do not touch upon the vast recent work concerning Euclidean and
quantum wormholes.
Instead, we would like to discuss a class of Lorentzian, axially symmetric wormholes
having no spherically symmetric analog | we suggest to call them ring wormholes |
whose distinctive feature is the existence of a ring of branching points like those in Rie-
mannian surfaces of analytic functions. Unlike spherically symmetric counterparts, these
ones do not require unusual matter for their existence: in the eld model under consid-
eration a necessary condition for their regularity is just a kind of equilibrium condition
between the electric and scalar elds.
The eld model, used here in a phenomenological manner, is D-dimensional dilaton
gravity. The latter (more precisely, Einstein-gauge-dilaton-axion gravity) is known to form
the bosonic part of eective low energy string theory [9], one of the theories pretending
to become \a theory of everything". This is the main motivation for a large number of
studies of its solutions and predictions (see, for instance, [10, 11] and references therein).
Another problem of interest (in string theory among others) is that of possible eects and
manifestations of extra space-time dimensions. One of ways to take them into acount is
to treat extra-dimension scale factors as separate dynamic variables, as is done, e.g., in
[12, 13, 14, 7, 15, 17, 16]. This is the approach adopted here.

























is the D-dimensional metric,
D
g = jdet g
MN







; F = dU is an Abelian gauge eld, to be interpreted as the electromag-
netic eld.
The eld-theoretic limit of string theory corresponds to the specic value of the cou-
pling constant  = 
string
= (D   2)
 1=2
[9, 17]. However, we retain an arbitrary
value of  in order to cover a wider spectrum of possible eld theories, such as Kaluza-
Klein type ones, considered, e.g., in Ref. [18]. The value  = 0 evidently corresponds
to D-dimensional (in particular, 4-dimensional) general relativity (GR) with a minimally
coupled scalar eld.
It should be noted that the action (1) is written in the so-called Einstein conformal
gauge, convenient for solving the eld equations. However, if the underlying theory is











from 1 (see, e.g., [17, 19] and references therein). Therefore it makes
sense to discuss such conformal gauge-dependent issues as the nature of singularities (if
any) in terms of g^
AB
. Strictly speaking, this argument applies only to  = 
string
, but, for
convenience, we deal with g^
AB
for any , keeping in mind that this automatically leads
to correct results for the case of GR ( = 0) as well.
Throughout the paper capital Latin indices range from 0 to D   1, Greek ones from
0 to 3.
2
2 Static, axially symmetric solutions to the eld equa-
tions
2.1 Equations
























plays the role of the conventional space-time and V
i
are Ricci-at manifolds
of arbitrary dimensions and signatures, with the line elements ds
2
i































For studying static, axially symmetric systems let us use the 4-dimensional formulation
of the theory (1). If the gauge eld F is purely 4-dimensional (only F

6= 0), the action








































R is the curvature derived from g

, the 4-dimensional part of g
MN









. Eq. (5) corresponds to the original D-Einstein conformal gauge. The 4-
dimensional Einstein gauge with the metric g


















































is used to form the curvature
4
R and to raise and lower the indices.
Let us now adopt the following assumptions:
(i) the static, axially symmetric metric g





















(ii) the gauge eld U has the only component U
0
= U(; z) (that is, only the electric eld
is present);
(iii) there is only one \extra" space V
1






Assumption (ii) is not very restrictive since a magnetic component of F , compatible with
axial symmetry and regularity on the axis, may be easily introduced by a duality rotation
applied to the purely electric eld F . Assumption (iii) is adopted mostly to save space,
since, as seen from (7), a generalization to n > 1 is straightforward.
The vacuum eld equations (for '  U  0) can be written in the form [15]









































+ d and  is the \at"












Eqs. (9) coincide with the scalar-vacuum equations in conventional GR; the \scalar eld"
 enters into the equations in the same way as the metric function , and, just as in GR,
their solution by quadratures reduces to that of the at-space Laplace equation [20].
It can be shown that in the general case (7), under a certain additional assumption,
the eld equations essentially reduce to (9). Indeed, introduce the combinations of the
unknowns ,  and '
 =  (d+ 2) + ';





! =   
1
2
d   '; (10)
and assume that
3
(iv) the potential U(; z) is functionally related to !.
Then the eld equation for U takes the form of a linear rst-order equation with






















it is an easy matter to bring the remaining eld equations to a form like (9):























































is the static gravitational potential in string metric. Therefore
Assumption (iv) means that the gravitational and electromagnetic eld strength vectors are everywhere
parallel. In particular, these two elds must have common sources, if any.
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A similar procedure was applied to this eld system in 4-dimensions in Ref. [22]. As in (9),
the integrability conditions for  in (13) are fullled automatically. Thus the solutions
are obtained by quadratures provided the harmonic functions ; ; W are known. The













' = d  =a
1
+ 2(   !)=a
3
(15)






+ d + 2 > 0).
It should be noted that in the special case of our eld model d =  = 0 (GR, D = 4,
scalar electrovacuum), when the above formulas are not directly applicable due to a
1
= 0,
Eqs. (13) still hold with d=a
1
= 1, !   and   ', while the coecient 1=a
2
vanishes
and the function  does not appear at all. So all the subsequent formulas are also valid
with these substitutions; in particular, in the monopole solutions of Subsec. 2.3 one should
put q
2
= 0 since this is the \charge" corresponding to .
2.2 Multipole solutions








+ ")(1   y
2
); z = Lxy (16)
where L is a xed positive constant and " = 0; 1, so that x and y are spherical (" = 0),
prolate spheroidal (" =  1), or oblate spheroidal (" = +1) coordinates, respectively;
 1 < y < 1; x > 1 for " =  1 and x > 0 for " = 0; +1.













f = 0: (17)






























is the separation constant. Solutions to (19), nite on the symmetry axis y =




= l(l + 1) with l = 0; 1; 2; : : :. The
corresponding solutions to (18) are combinations of Legendre functions of the rst and
second kinds.
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The equations for  and W are solved in a similar way.
This is the way to obtain a general class of solutions containing arbitrary multipolari-
ties l: after writing out the solutions to the three Laplace equations (each has, in general,
the form of an innite series | a superposition of dierent multipolarities), (; z) is












































































































In what follows, however, we restrict ourselves to l = 0 (monopole solutions), under the
asymptotic atness conditions:  =  = ' = U = 0 at spatial innity.
2.3 Monopole solutions
A monopole solution to Eq. (19), regular at y = 1, is just a constant, so that  = (x).
Eq.(18) takes the form (x
2
+ ")d=dx = const. Its integration leads to the following

















; " =  1;
 q
1
=x; " = 0;
 q
1
arccotx; " = +1:
(22)








































































is dened in (14).
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At spatial innity our monopole solutions are asymptotically spherically symmetric .
Indeed, assuming y = cos , where  is the conventional polar angle, the line element (8)










The condition (26) holds for all the solutions in the limit x ! 1 where they have
Schwarzschild asymptotics. As for the whole space, the condition (26) is fullled under
the additional requirement K =  ". Unlike the vacuum case, when K is positive-denite
and the above condition can hold for " = 0;+1 only in the trivial case when the space-
time is at, in the presence of an electric eld K can have any sign, hence the sphericity
condition can be fullled with any ". One naturally obtains the known solutions described
in [13, 7].
The solutions with " = 0;  1 turn out to possess naked singularities in all nontrivial
(nonspherical) cases. So let us pay more attention to the solution with " = +1, which
can have no curvature singularity. Although a preferred conformal gauge does exist (the
string one), it is remarkable that the most important features of these conguration are
insensitive to conformal factors of the forms exp(const  ) and exp(const  '), due to
global regularity of both ' and .
3 Ring wormholes
3.1 The wormhole geometry
For " = +1, the 4-dimensional scalars ,  and W are nite functions of x:






) arccot x: (27)
Thus the metric g

and the eld F are regular if and only if j!j <1, i.e., if U nowhere
tends to innity or a root of the trinomial (11). If we require that at spatial innity











































































































= const must be chosen to satisfy W = 0 for U = 0, according to (27).
Evidently U cannot tend to a root of (11), since otherwise we would get W ! 1,
whereas actually W (x) ranges over a nite interval. To prevent U ! 1 it is sucient
to require that the corresponding value of W do not belong to this interval. We will now

















Figure 1: Axial section of the neighborhood of the ring x = y = 0. The points A and B,
marked by big black circles, belong to the ring, the thick lines connecting them show the upper




The absence of a curvature singularity does not necessarily mean, however, that the
space-time is globally regular. Let us study the limit x! 0 in some detail.
The functions '; ;  and e

are nite at x = 0. The curve x = 0; y = 0 lies in the
plane z = 0 and forms a ring  = L of nite length (Fig.1).
The surface x = 0; y > 0 is a disk bounded by the above ring and parametrized by
the coordinates y and . This metric is at if and only if K = 0. Otherwise the disk
is curved but has a regular center at y = 1 (the upper small black circle in Fig. 1). The
limit x! 0 corresponds to approaching the disk from the half-space z > 0.
Another similar disk, the lower half-space one, corresponds to y < 0. The two disks
are naturally identied when our oblate spheroidal coordinates are used in at space. In
our case, a possible identication of points (x = 0; y = y
0
;  = 
0
) and (x = 0; y =
 y
0




is arbitrary and 0 < y
0
 1, leads to a nite discontinuity of
the extrinsic curvature of the surfaces identied, or, physically, to a nite discontinuity
of forces acting on test particles. This may be interpreted as a membrane-like matter
distribution, bounded by the ring x = y = 0.
The eld discontinuity across the surface x = 0 is avoided if one continues the coordi-
nate map to negative x, as is done for the vacuum case in Ref. [15]. As a result, appears
another \copy" of the 3-space, so that a particle crossing the regular disk x = 0 along a
trajectory with xed y, threads a path through the ring and can ultimately get to another
at spatial innity, x!  1 with new asymptotic values of ,  and '. The function 
is even with respect to x and hence coincides at both asymptotics. We obtain a worm-
hole conguration, nonsymmetric with respect to its \neck" x = 0, having no curvature
discontinuity, except maybe the ring x = y = 0.
To study the geometry near the ring, let us consider a 2-surface of xed  at small x
and y. In the polar coordinates (r;  ) (x = r cos , y = r sin ), and still new ones  and
8
 dened by
r = [(K + 2)]
1=(K+2)
;  = =(K + 2); (29)



















Thus the metric near the ring is locally at. However, it is locally at on the ring itself
only if  ranges over a segment of length 2. Is this the case?
Given x > 0, the polar angle  is dened on the segment [ =2; =2], hence  2
[  K=2; +K=2]. Consequently, the ring enjoys local atness only in the simplest





= 0 and the space-time is at [15]; however, with q
3
6= 0, K = 0 no longer implies
the global atness (see (25)).
In the wormhole case x can have either sign, hence
 2 [ ; ] )  2 [ (2 +K); (2 +K)] (31)
Thus the axially symmetric wormhole solution contains in general a cosmic string-like
ring singularity with a polar angle excess greater or smaller than 2 for K > 0 and
K < 0, respectively. The case K = 0 actually means that there is no singularity and
the ring geometry exactly corresponds to what should occur near the neck of such a





= 2), an observer nds himself at a similar position, but in the \second
world", with (in general) other values of ',  and W , and returns to his original position
only completing an angle of 4.
For K = 0 the (x; y) surface behaves near x = y = 0 like the two-sheeted Riemann sur-
face of the analytic function
p
x+ iy; and, indeed, the above transition (x; y)  (r;  )!







. Other examples of branching points in the space-time are known
in some Einstein-Maxwell elds in 4 dimensions [24].
3.2 Wormhole parameters















(note that conformal mappings do not aect angles, so that the ring regularity condition
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input parameters d and  and the length scale L which appeared in the transformation
(16) and, like the integration constants, is a parameter of the family of solutions.
Let us connect the wormhole electric charge and mass and their other properties with
the input and integration constants.











6= 0). The case of all q
i
= 0 is trivial
and reduces to at space without elds.
Second, we will try to select symmetric wormholes, i.e., those with equal asymptotic
values of the time rate, i.e., e
!(1)
= 1; other symmetry relations will then follow. An
equal time rate means, in particular, a possibility to \immerse" the two asymptotics



















where  is a new parameter introduced for convenience. By (11), e
2!
is positive for all
U and, as W (x) is a monotone function and dW=dU = e
 2!
, U(x) is also a monotone
function. This immediately implies that the electric charges of the wormhole as seen from
the two asymptotics (determined, up to a positive factor, by dU=djxj) have dierent signs.





















is a constant determined from the condition that U and W both vanish as
x!1:















The expressions for masses and charges can be obtained from the eld behavior at
the asymptotics. Thus, for x ! 1 the mass M
+













is the asymptotic expression for the spherical radius: r
+
= Lx. Comparing (38)






















at the same asymptotic is determined by the electic eld behavior: the















where the index i enumerates 3-vector components in the asymptotic Minkowski space
and the appearance of
p
G conforms to the way the electromagnetic eld was introduced







Comparing (39) and (41), one obtains a necessary condition for wormhole regularity


















The same condition could be obtained on equal grounds for the asymptotic x!  1 but
with slight complications connected with the other appearance of the boundary conditions.
Another restriction on the solution parameters is connected with the dependence U(x)
(36),(37). By construction, the argument of the tangent in the r.h.s. of (36) is within
the interval ( =2; =2) at x!1 (it just equals ). For U(x) to remain regular at all
x, the above argument should not ever leave this interval. Taking into account that, for
M
+




have the same sign, it is easy to obtain this second


















a restriction upon q
3
provided the parameter  (connected with the charge-to-mass ratio)
is specied.
The combined conditions K = 0 (whence follows, in particular, (42)), and (43) or (44)
are not only necessary, but also sucient for our solution's regularity.
We did not so far apply the symmetry condition. Putting in (11) e
2!





= 1, we nd two possible values for U : 0 and  2c
1
. As U = 0 corresponds to
x! +1, for a nontrivial solution U( 1) =  2c
1








cos  = 2: (45)
Eq. (45) has a number of consequences:
(i) (45) implies that  and q
3
have the same sign. That is, if a wormhole is regular and
symmetric, it can have only a positive mass (and it is positive as seen from either
of the asymptotics).
(ii) Given (45), (43) is fullled automatically. Thus K = 0 plus symmetry is sucient
for regularity.






=L with , or with the charge-to-mass ratio. In particular,










For big charge-to-mass ratios, such as those known for particles (about 10
18
for a
proton), the gravitational constant in (46) is cancelled and we obtain L of the order











which may be treated as a hint that regular soliton-like particle models can be
obtained on this trend.
With (45), the quantity U + c
1



























However, the whole solution is not entirely symmetric with respect to x = 0. Indeed,




is nonzero, there is a nontrivial monotone
x-dependence of  or  (or both). Consequently, either the ' eld, or the internal space
scale factor
^
, or both have dierent nite limits at x = +1 and x =  1. By the
conventional terminology, the solution behaves as a kink with respect to these elds. (An
attempt to nd a relation between d and  such that the x-dependence of ' and
^
, other
than via !(x), would disappear, fails since the emegring set of algebraic equations has
no solution.) As is easily veried, this nonsymmetry conclusion applies to all conformal
gauges connected by functions of '.







0; K = K
1
= 0, also satisfying the regularity condition connected with the geometry near
the ring x = y = 0. In this case all elds are expressed in terms of !(x):
' =  2!=a
3















. Eq. (28) subject to the condition that U and






where W is, as before, expressed by (27). The regularity condition for U (that W 6= c
1









































shows that in the nontrivial case q
3
6= 0 the function !(x) is monotone. That means that
not only the wormhole cannot be symmetric, but the mass has dierent signs at the two




4.1. The ring wormholes described here are a type of nonsingular Lorentzian wormholes
able to exist in spaces of any dimension. A somewhat similar solution | stationary,
axially symmetric , 5-dimensional, was found by G. Clement in Ref. [26], but there the
function e

(in our notation) grew to innity as x! 0; y! 0 and it was concluded that
\the singular ring is at innity". The author mentioned three problems with the physical
interpretation of this solution. First, the solution parameters, including the mass, as
measured at x !  1, are the opposite of those measured at x ! 1 (though, the
isometry exchanging the \end points" might be interpreted as classical mass and charge
conjugation). Second, there was no denite sign of the mass. And third, the existence of
unobserved long-range scalar forces.
For the present symmetric wormholes the rst two problems do not exist: the mass is
manifestly positive \from both sides". The third problem is common for all models with
long-range scalar elds, be they of dilatonic or extra-dimensional origin, or Goldstone, or
Brans-Dicke ones, etc. We would like just to recall that the existence of at least one such
eld (' or ) in our model is necessary in order to provide the wormhole regularity, in
other words, to maintain a kind of equilibrium with the electromagnetic eld.
4.2. Unlike the spherically symmetric case, where wormholes can appear only with matter
violating the usual energy conditions, e.g., unconventional scalar elds ([2, 3, 6] and
others) or special kinds of nonlinear electrodynamics [5], under axial symmetry they
appear rather naturally in vacuum, scalar-vacuum and electrovacuum systems both in
GR and dilaton gravity. Other types of nonspherical wormholes, connected with cosmic
strings, are considered in Ref. [25].
4.3. A tentative study shows that the present class of regular wormhole models can
be generalized to include the harmonic functions (\scalar elds") ; ; ! with higher
multipole moments (l > 0), which may be treated as perturbations to purely monopole
models. The higher-l parts of the elds are strongly constrained by the asymptotic atness
conditions and those of regularity at the ring x = y = 0. We hope to give a more detailed
treatment of such models elsewhere.
4.4. For the present class of static, axially symmetric congurations, addition of new
scalar elds to electrically neutral models (for instance, to pure vacuum in GR) aects
the properties of the solutions only quantitatively; this applies, in particular, to extra-
dimension scale factors which, in the 4-dimensional setting of the problem, actually behave
as massless, minimally coupled scalar elds. Unlike that, the electric eld (all the same
in GR or dilaton gravity) creates qualitatively new features: there appear new types of
singularities and globally regular axially symmetric wormholes. See, however, the last
sentence of item 4.1.
4.5. The 4-dimensional version of our models with  = 0 are readily reformulated in
terms of a broad (Bergmann-Wagoner) class of scalar-tensor theories (STT) of gravity in
4 dimensions, in particular, the Brans-Dicke theory and GR with a conformally coupled
scalar eld. Models of dierent STT dier from each other by conformal mappings with
13
regular ('-dependent) conformal factors which change the explicit form of wormhole sym-
metry conditions but do not aect the neck regularity. Note that the scalar eld of the
STT can be interpreted in terms of an extra-dimension scale factor, while dierent theo-
ries correspond to dierent conformal gauges of the 4-dimension section. In the case  6= 0
one can speak of generalized STT with a coupling between the scalar and electromagnetic
elds.
To conclude, both globally regular solutions and those with \strings" may be of interest
for describing late stages of gravitational collapse and/or cosmological dark matter. Their
monopole nature probably means that they cannot decay by gravitational wave emission.
So it can be of signicant interest to study their generalizations and stability.
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